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We investigate the asymptotic dynamics of exact quantum Brownian motion. We find that non-
Markovianity can persist in the long-time limit, and that in general the asymptotic behaviour
depends strongly on the system-environment coupling and the spectral density of the bath. We
show that there exists a threshold value beyond which non-Markovianity replaces entanglement as
a resource in the asymptotic regime, yielding a nonclassical fidelity for the quantum teleportation
of an unknown coherent state. This results establishes the peculiar nature of memory effects in
quantum non-unitary evolutions compared to classical open system dynamics.
In recent years quantum non-Markovianity has became
an important research subject in the investigation of fun-
damental quantum physical aspects that can be exploited
for quantum technologies. Indeed, apart the indispens-
able role that non-Markovianity plays in various quantum
phenomena, such as in quantum biology [1–4], it has been
identified as a very useful resource for quantum informa-
tion tasks including quantum cryptography [5], quantum
metrology [6], and quantum control [7].
Consequently, significant efforts have been devoted to-
wards the proper characterization, qualification, quan-
tification, and operational application of quantum non-
Markovianity, see Refs. [8, 9] for recent reviews.
In the present work we will investigate the asymptotic,
long-time non-Markovian dynamics of Gaussian quantum
channels. For states and channels of infinite-dimensional
systems, some foundational results have been achieved
in recent years, both concerning the characterization and
quantification of the non-Markovianity of Gaussian chan-
nels [10–12] and with respect to applications, in partic-
ular concerning continuous-variable quantum teleporta-
tion [13, 14] and quantum criptography [5].
Due to the ubiquitous presence in physics of the
bosonic-bosonic interaction described by a quadratic
Hamiltonian, Gaussian channels play a key role in de-
scribing important physical processes, such as the trans-
mission of light through fibres and random classical
noise [15]. Consequently, understanding asymptotic non-
Markovianity for Gaussian channels of continuous vari-
able systems is worth also in view of applications to quan-
tum technology tasks.
Memory effects can have a significant role in deter-
mining the asymptotic behaviour of quantum evolu-
tions: indeed it has been shown that the asymptotic
state depends strongly on the non-Markovian content
of the dynamics [16]. In fact, the dependency of the
asymptotic state on the initial conditions of the dynam-
ics is a peculiar characteristic of non-Markovianity, and
has been proposed as the very essence of memory ef-
fects [17]. Furthermore, the asymptotic effects of non-
Markovianity can yield important information about the
system-environment interaction, namely about the spec-
tral densities of the bath [11].
In this work we study the asymptotic non-
Markovianity of the exact Quantum Brownian Motion
(QBM) channel, exploiting the recently introduced non-
Markovianity measure based on the necessary and suf-
ficient criterion for the non-Markovianity of a quantum
evolution expressed in terms of the violation of the divis-
ibility property of the map describing the channel [10].
As we will show in the following, the main result of our
investigation is that, at variance with the secular approx-
imated case [10], due to the presence of highly oscillating
terms in the exact master equation Eq. [18], the non-
Markovianity of the given evolution persists even when
the final state of the system that evolves in the channel
is independent of its initial state, a situation that it is
commonly attributed to a memoryless (Markovian) evo-
lution: indeed, the characteristic time scales that rule the
dynamics play a central role in determining the asymp-
totic system state. We highlight this property of the evo-
lution in the particular case of the quantum teleportation
protocol, for which non-Markovianity at finite-time dy-
namics has already been shown to play an important role
in improving the protocol efficiency [14].
We consider the evolution of an harmonic quantum os-
cillator of characteristic frequency ω0 in interaction with
n-independent bosonic quantum oscillators that consti-
tute the environment (the QBM) [13, 19–21]:
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2ρ˙(t) =−i[H0(t), ρ(t)]−iγ(t)[x, {p, ρ(t)}]
−∆(t)[x, [x, ρ(t)]] +Π(t)[x, [p, ρ(t)]] + i
2
r(t)[x2, ρ(t)];
(1)
where H0(t) is the free Hamiltonian, γ(t) is a damp-
ing coefficient, r(t) is the renormalization coefficient that
changes the oscillator frequency, ∆(t), Π(t) are respec-
tively the direct and anomalous diffusion coefficients, and
x and p are the quadrature operators. In the weak-
coupling limit, one can show that r(t) gives a negligible
contribution and it can be neglected [22].
To highlighting the non-Markovian content of the dy-
namics, we further consider the secular approximated
form of Eq. (1) obtained neglecting the terms that os-
cillate very fast [20, 23]; in this case the only coefficients
that rule the dynamics are the damping γ(t) and the di-
rect diffusion coefficient ∆(t).
It is possible to show that the solution of Eq. (1) is given
in terms of characteristic function by the relation
χt(Λ) = χ0[e
−Γ(t)2 R−1(t)Λ]e−Λ
ᵀW¯ (t)Λ; (2)
where R(t) is the rotation matrix with angle ω0t, ω0 is
the frequency of harmonic oscillator, Λ = (x, p)ᵀ is the
coordinate vector, and W (t) is a matrix whose elements
depends on the master equation coefficients.
To obtain, for a given initial state, the explicit solution it
is necessary to model the system-environment coupling,
namely to choose the spectral density.
We consider the following Ohmic spectral density:
J(ω) = ωe−
ω
ωc ; (3)
where ωc is the cut-off frequency of the bath. We further
consider the high-temperature limit. The explicit ex-
pression of the master equation coefficients are reported
in [24].
The non-Markovianity of the evolution can be quan-
tified to what extent the given evolution departs from a
divisible dynamics, namely to what extent the interme-
diate map fail to be completely positive [10]. The mea-
sure can be straightforwardly obtained from the 2N×2N
matrices (X,Y ) that define the channel, whose explicit
expressions can be obtained from Eq. (2) considering a
Gaussian input state:
X(t) = e−Γ(t)R(t)
Y (t) = 2W¯ ; (4)
In the secular approximated case the matrix W¯ reduced
to a diagonal matrix proportional to the identity.
The non-Markovianity measure, for every instant of
time, then corresponds to negative part of the spectrum
of the matrix Y (t+ , t)− i2Ω + i2X(t+ , t)ΩXᵀ(t+ , t),
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FIG. 1. (color online) Upper panel : representation of the
eigenvalues of non-Markovianity condition for the complete
QBM for the case ωc = 0.1 and ω0 = 1.0. The full black and
red dashed curves are respectively the ν+ and the ν− eigen-
value. The ν− eigenvalue is negative for every instant of time.
Lower panel : non-Markovianity measure Eq. (6) for ω0 = 1
and ωc = 0.1 (full black), ωc = 0.3 (red dashed), ωc = 1.0
(blue dotted). The asymptotic non Markovianity is differ-
ent from zero and depends on the characteristic time scales,
namely the frequencies, that characterized the dynamics.
whose Y (t + , t) and X(t + , t) are the matrices that
define the intermediate dynamics in the limit → 0+ [10].
It is shown in [10] that for the secular approximated
case, the measure reads:
NM(t) = 1
2N
[|∆(t)− γ(t)|+ |∆(t) + γ(t)| −∆(t)] .
(5)
where N is the normalization factor, corresponding to
the maximum of the NM(t) for the given dynamics. It
is possible to show that in the high-T limit ∆(t)  γ(t)
for any t, namely a non-Markovianity different from zero
corresponds a negative diffusion coefficients. Since in the
long time limit ∆(t) is positive, NM(t) is zero.
Starting from Eqs. (4), the eigenvalues of the
non-Markovianity condition are ν± = ∆(t) ±√
∆(t)2 + γ(t)2 + Π(t)2. It is easily seen that ν− is neg-
ative for every instant of time, as depicted in Fig. (1);
indeed for sufficiently long time γ(t) and Π(t) become
positive constants.
Therefore there is a non-Markovianity different from
3zero given by the opposite of the negative eigenvalue:
NM(t) = 1
N
[√
∆(t)2 + γ(t)2 + Π(t)2 −∆(t)
]
. (6)
This result is illustrated in Fig. (1). It is seen that
the non-Markovianity measure Eq. (6) tends to a con-
stant value that depends on the times scales that char-
acterize the system and environment evolution. In par-
ticular, it depends on the ratio between the correlation
time scale of the environment τE and the relaxation time
scale τR, that corresponds to the rate of system state
change due to the system-environment interaction. Con-
sequently, in considering the asymptotic time limit of the
measure Eq. (6), it is useful to consider it as a function
of the x = τRτE =
ωc
ω0
parameter. In Fig. (2) is reported
the behaviour of non-Markovianty measure as function
of the parameter x. Indeed it is known that, for x  1
the master equation Eq. (1) describes a non-Markovian
evolution, while for x  1, the dynamic tends to the
Markovian regime.
It is important to note that this aspect of non-
Markovianity can not be highlighted by an approach that
considers the distance between states evolving in the
channel [25]. Indeed, from Eq. (2), remembering that
χ0(0) = 1, where 0 = (0, 0)
ᵀ is the null vector, it is
straightforward to show that, for every initial states:
χ∞(Λ) ≡ lim
t→∞χt(Λ) = e
−ΛᵀW¯ (∞)Λ, (7)
since from the explicit expression of the Γ coefficient, it
is easily to see that limt→∞ Γ(t) = 0. The asymptotic
value W¯ (∞) of the W¯ (t)-matrix are reported, for a given
spectral density, in the Supplementary Material. As the
final state is then the same for every initial input state,
every measure based by a distance approach returns zero.
The fact that the non-Markovianity measure Eq. (6)
at asymptotic time is different from zero can have a deep
impact on quantum technologies. As an example we con-
sider the continuous variables quantum teleportation pro-
tocol [14, 26–28]; in particular we consider the case of
an unknown coherent input state, a two mode squeezed
vacuum as the teleportation resource, and we model the
environment with which the resource mode sent to Bob
is in contact through the non-Markovian channel Eq. (1).
We remember that the efficiency of the procedure is ex-
pressed by the teleportation Fidelity F(ρin, ρout); indeed,
it is one if and only if the teleported state coincide with
the unknown coherent input state and it is zero when the
states can be distinguish with certainty by some suitable
measure. The explicit expression of the quantum tele-
portation Fidelity at asymptotic time is given by [14]:
F (r, x) =
[(
2
T 2 + cosh(2r)
)
Tr(W¯ (x)) + 4 det(W¯ (x))
+
(
2 + T 2 cosh(2r))
4T 2
]− 12
, (8)
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FIG. 2. (color online) Upper panel : asymptotic non-
Markovianity, obtained considering the long time limit of
Eq. (6) with respect to the x parameter. Lower panel : be-
haviour of the asymptotic quantum teleportation Fidelity
Eq. (8) as a function of the x parameter. The squeezing
parameter r of the resource is fixed to 0, as this value max-
imize Eq. (8). Furthermore, to highlight the effect of non-
Markovianity on the behaviour of the Fidelity, we have choose
to consider the ideal case, T = 1.
where r is the squeezing parameter of the entangled
resource, T is the transmissivity, and x is the non-
Markovianity parameter previously introduced.
From Eq. (8) we observe that for every dynamics, ob-
tained fixing the x parameter, the Fidelity reaches its
maximum when the squeezing parameter r achieve the
zero value, namely when the entangled content of the
resource is zero.
In Fig. (2) the behaviour of the asymptotic Fidelity
Eq. (8), for r = 0, in reported as a function of the x
parameter. We note that for x → ∞ the teleportation
Fidelity tends to zero, as expected for a Markovian evo-
lution in the asymptotic limit [28]. Indeed it is well-
known that, in this case, the interaction of the system
with the environment has a detrimental effect on the ef-
ficiency of the protocol. For x  1 instead, we observe
a Fidelity above the classical threshold of 12 even in the
long time limit. In particular we observe this condition
for x . 10−2; furthermore in the limit for x→ 0 the Fi-
delity tends to the value 23 . This is clearly due to the non-
Markovianity content of the dynamics as for this range
4of the x parameter we are in the non-Markovian regime.
That this result is due to the non-Markovianity property
of the dynamic can be also highlighted by the asymptotic
behaviour of the Fidelity when the noisy channel is the
quantum optic master equation. Indeed, following the
same step as in [28] it is straightforward to show that the
asymptotic Fidelity is:
F (r, n) =
2
3 + 2n+ cosh(2r)
. (9)
We observe that, even in this case, the Fidelity achieves
its maximum when the squeezing parameter is zero,
namely, when the entangled content is zero. Further-
more it is a monotonic decreasing function of the number
of the thermal photons of the bath as expected, since the
increase of the thermal noise has a disrupt effect on the
quantum property of the system; hence the maximum is
achieved for n = 0. It follows from Eq. (9) that the max-
imum of the Fidelity is 12 , the maximum value classically
achievable; it is then impossible, at asymptotic time, in
the case of a non-Markovian evolution, to outperform
the classical threshold without exploiting the entangled
property of the teleportation resource.
Summarizing we have shown, in the case of the QBM,
that the non-Markovianity property can have a deep im-
pact on the asymptotic behaviour of the dynamics, as
reflected by the violation of the divisibility of the quan-
tum dynamical map. Indeed, although the system, at
asymptotic time, does not depend on its initial state,
the asymptotic state depends on the bath through the
time scales that rule the dynamics. As a consequence
the asymptotic quantum fidelity is driven by the non-
Markovianity.
Non-Markovianity then replaces entanglement as a re-
source in order to guarantee a non classical fidelity in the
asymptotic regime. This result represents a first step in
understanding the doubtless non-Markovianity property
as a resource for the quantum information technologies.
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